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Abstract
It was shown earlier by Rahaman et al.
that a noncommutative-geometry back-
ground can account for galactic rotation
curves without the need for dark matter.
The smearing effect that characterizes
noncommutative geometry is described by
means of a Gaussian distribution intended
to replace the Dirac delta function. The
purpose of this paper is two-fold: (1) to
account for the galactic rotation curves in
a more transparent and intuitively more
appealing way by replacing the Gaus-
sian function by the simpler Lorentzian
distribution proposed by Nozari and
Mehdipour and (2) to show that the smear-
ing effect is both a necessary and sufficient
condition for meeting the stability criterion.
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1 Introduction
That noncommutative geometry can ac-
count for galactic rotation curves without
the need for dark matter has already been
shown in Ref. [1]. The effect in question
is a small effect, not only difficult to de-
termine but also difficult to present in an
intuitively appealing way. This paper uses
a slightly different approach that may pro-
vide a clearer picture. This approach is in-
troduced in Sec. 2 followed by the analy-
sis in Sec. 3. It is shown in Sec. 4 that
the noncommutative-geometry background
is needed for stability.
2 Noncommutative ge-
ometry and galactic
rotation curves
An important outcome of string theory is
the realization that coordinates may be-
come noncommuting operators on a D-
brane [2, 3]. The commutator is [xµ,xν ] =
iθµν , where θµν is an antisymmetric ma-
trix. As discussed in Refs. [4, 5], noncom-
mutativity replaces point-like structures by
smeared objects. The smearing effect is ac-
complished by using a Gaussian distribution
of minimal length
√
θ instead of the Dirac
delta function [6, 7]. A simpler but equally
1
effective way is to assume that the energy
density of the static and spherically sym-
metric and particle-like gravitational source
has the form [8, 9]
ρ(r) =
M
√
θ
pi2(r2 + θ)2
. (1)
Here the mass M of the particle is diffused
throughout the region of linear dimension√
θ due to the uncertainty. The noncom-
mutative geometry is an intrinsic property
of spacetime and does not depend on any
particular feature such as curvature.
To connect the noncommutative geome-
try to dark matter and hence to galactic ro-
tation curves, we need to introduce the met-
ric for a static spherically symmetric space-
time:
ds2 = −eν(r)dt2 + eλ(r)dr2
+ r2(dθ2 + sin2θ dφ2). (2)
For this metric, the Einstein field equations
are
e−λ
[
λ′
r
− 1
r2
]
+
1
r2
= 8piρ, (3)
e−λ
[
1
r2
+
ν ′
r
]
− 1
r2
= 8pipr, (4)
and
1
2
e−λ
[
1
2
(ν ′)2 + ν ′′ − 1
2
λ′ν ′ +
1
r
(ν ′ − λ′)
]
= 8pipt. (5)
One goal of any modified gravitational
theory is to explain the peculiar behavior
of galactic rotation curves without postu-
lating the existence of dark matter: test
particles move with constant tangential ve-
locity vφ in a circular path. It is noted in
Ref. [10] that galactic rotation curves gener-
ally show much more complicated dynamics.
For present purposes, however, the analysis
can be restricted to the region in which the
velocity is indeed constant. So taking the
observed flat rotation curves as input, it is
well known that, as a result,
eν = B0r
l, (6)
where l = 2v2φ and B0 is an integration con-
stant [11]. Moreover, it is shown in Ref.
[12] that in the presumed dark matter dom-
inated region, vφ ∼ 300 km/s = 10−3 for a
typical galaxy. So l = 0.000001 [13]. (We
are using units in which c = G = 1.)
To address the issue of stable orbits, we
first note that given the four-velocity Uα =
dxα/dτ of a test particle moving solely in
the “equatorial plane” θ = pi/2 of the galac-
tic halo, the equation gνσU
νUσ = −m20 can
be cast in the Newtonian form(
dr
dτ
)2
= E2 + V (r), (7)
which results in
V (r) = −E2 + E2 e
−λ
B0rl
− e−λ
(
1 +
L2
r2
)
.
(8)
Here the constants E and L are, respec-
tively, the conserved relativistic energy and
angular momentum per unit rest mass of the
test particle [13]. We are going to define cir-
cular orbits by r = R0, a constant. We now
have
dR0
dτ
= 0 and
dV
dr
∣∣∣∣
r=R0
= 0. (9)
From these conditions, we obtain [1]
L = ±
√
l
2− lR0 andE = ±
√
2B0
2− lR
l/2
0 .
(10)
The orbits are stable if
d2V
dr2
∣∣∣∣
r=R0
< 0 (11)
and unstable if
d2V
dr2
∣∣∣∣
r=R0
> 0. (12)
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3 The solution
The smeared gravitational source in Eq. (1)
leads to a smeared mass. More precisely,
the Schwarzschild solution of the Einstein
field equations associated with the smeared
source leads to the line element
ds2 =
−
(
1− 2Mθ(r)
r
)
dt2+
(
1− 2Mθ(r)
r
)
−1
dr2
+ r2(dθ2 + sin2θ dφ2). (13)
The smeared mass is implicitly given by
Mθ(r) =
∫ r
0
ρ(r′)4pi(r′)2 dr′
=
2M
pi
(
tan−1
r√
θ
− r
√
θ
r2 + θ
)
, (14)
which can also be obtained from Eq. (3).
(Eqs. (4) and (5) also yield pr and pt, as
in Ref. [1], but are not needed for present
purposes.) Due to the smearing, the mass of
the particle depends on θ, as one would ex-
pect. As in the case of the Gaussian model,
the mass of the particle is zero at the center
and rapidly rises to M . So from a distance,
the smearing is no longer apparent and we
get an ordinary particle. In other words,
limθ→0Mθ = M, (15)
so that the modified Schwarzschild solution
reduces to the ordinary Schwarzschild solu-
tion. (See Fig. 1.)
The mass M could be a diffused central-
ized object. Since we are interested in galac-
tic rotation curves at some fixed distance
r = R0 from the center, we will consider in-
stead a thin spherical shell of radius r = R0.
So instead of a smeared object, we have
a smeared spherical surface. We consider
the smearing in the outward radial direction
only, that being the analogue of the smeared
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Figure 1: The graph of the smeared mass
Mθ(r).
particle at the origin. It follows that ρ(r) in
Eq. (1) must be replaced by the translated
function
ρ(r) =
M
√
θ
pi2[(r −R0)2 + θ]2
. (16)
Observe that the mass of the shell be-
comes
m(r) =
2M
pi
[
tan−1
r −R0√
θ
− (r −R0)
√
θ
(r − R0)2 + θ
]
,
(17)
again dependent on θ (Fig. 2). Also
analogous is limθ→0m(r) = M , where M is
now the mass of the shell. So in geometrized
units, M and m(r) are much less than R0.
At this point we can finally address the
question of stability by examining the po-
tential V (r) more closely. In view of line
element (13), we now have
e−λ = 1− 2m(r)
r
. (18)
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Figure 2: The graph of m(r).
So from Eq. (8),
V (r) = −E2 + E2 r
−l
B0
(
1− 2m
r
)
−
(
1− 2m
r
)(
1 +
L2
r2
)
. (19)
To see the effect of the smearing, we first
compute V ′′(r):
V ′′(r) =
2R20 l(l + 1)
2− l
1
rl+2
(
1− 2m
r
)
− 6lR
2
0
2− l
1
r4
(
1− 2m
r
)
+
8lR20
2− l
1
rl+1
rm′ −m
r2
− 8lR
2
0
2− l
1
r3
rm′ −m
r2
− 4R
l
0
2− l
1
rl
r2m′′ − 2rm′ + 2m
r3
+ 2
(
1 +
lR20
2− l
1
r2
)
r2m′′ − 2rm′ + 2m
r3
.
(20)
From Eq. (17),
m′(r) =
4M
pi
(r − R0)2
√
θ
[(r −R0)2 + θ]2
(21)
and
m′′(r) =
8M
pi
(r −R0)
√
θ − (r −R0)3
√
θ
[(r − R0)2 + θ]3
.
(22)
It now follows directly that at r = R0, only
the first two terms in Eq. (20) are nonzero:
V ′′(R0) =
2Rl0 l(l + 1)
2− l
1
Rl+20
− 6lR
2
0
2− l
1
R40
≈ − 4l
(2− l)R20
< 0. (23)
We therefore have a stable orbit at r = R0
due to the noncommutative geometry.
4 The need for noncom-
mutative geometry
We saw in the previous section that the
smearing effect in noncommutative geom-
etry is responsible for the stable orbit at
r = R0. In this section we study the effect
of reduced smearing (due to diminishing θ),
thereby approaching Einstein gravity. The
idea is to show that in this limit, the stabil-
ity criterion is no longer met.
To this end, we return to Eq. (20) and
observe that the third term,
z(r, θ) =
8lR20
2− l
1
rl+1
rm′ −m
r2
(24)
strongly dominates near r = R0 since the
denominator is much smaller than the de-
nominator in all the other terms. As we
saw, at r = R0, both m
′ and m are equal
to zero, but rm′ −m is positive for r > R0
and, as we will see later in Fig. 3, sharply in-
creasing near r = R0 for any fixed θ. So the
positive third term easily catches up with
the (negative) sum of the first two terms.
Given that the remaining terms are negli-
gible, we can now say that there exists an
4
r = r1 (for every θ) such tht
z(r, θ)− 4l
(2− l)R20
∣∣∣∣
r=r1
= 0. (25)
Hence V ′′(r1) = 0 and (for every θ), V
′′(r) <
0 in the interval [R0, r1] and V
′′(r) > 0 for
r > r1. These cases will be discussed sepa-
rately.
4.1 V ′′(r) < 0
As noted above, for r < r1, we have V
′′(r) <
0, where θ is assumed fixed. We wish to
show that an ever smaller θ results in an ever
smalller interval [R0, r] for which V
′′(r) < 0.
To this end, we obtain from Eq. (25),
8lR20
(2− l)rl+1
rm′ −m
r2
− 4l
(2− l)R20
∣∣∣∣
r=r1
= 0
(26)
and hence from Eqs. (21) and (22),
2M
pi
8lR20
(2− l)rl+1
[
2r(r −R0)2
√
θ
[(r −R0)2 + θ]2
−tan−1 r −R0√
θ
+
(r − R0)
√
θ
(r − R0)2 + θ
]
− 4l
(2− l)R20
∣∣∣∣
r=r1
= 0 (27)
for every fixed θ. So to study the relation-
ship between θ and r qualitatively, we can
choose an arbitrary ray and consider the
first term in Eq. (27),
Q(r, θ) =
2M
pi
8lR20
(2− l)rl+1×[
2r(r − R0)2
√
θ
[(r − R0)2 + θ]2
− tan−1 r − R0√
θ
+
(r − R0)
√
θ
(r − R0)2 + θ
]
(28)
as a function of r and θ in rectangular coor-
dinates. The condition in Eq. (27) can now
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Figure 3: Plot showing that if θ → 0, then
r1 → R0.
be viewed as the plane Q = 4l/(2 − l)R20
passing through the surface Q = Q(r, θ).
The resulting relationship between θ and r
in this plane is not a simple one-to-one cor-
respondence because the intersection is oval-
shaped. However, we know that for physical
reasons, θ is necessarily small and r close to
r = R0.
So, as a next step, we plot Q(r, θ) in Eq.
(28) for a few values of θ, intersected by the
line Q = 4l/(2− l)R20, shown in Fig. 3. For
each curve, the intersection is at r = r1. As
already noted, there are indeed two values
of r for every fixed θ, but only the smaller
value is physically relevant. Fig. 3 shows
that if θ → 0, then the left side of Eq. (28)
can remain fixed only if r1 → R0. By con-
tinuity, then, V ′′(r) ≥ 0 for r ≥ R0, i.e.,
the stability criterion is no longer satisfied.
We conclude that noncommutative geome-
try is not only sufficient but also necessary
for meeting the stability criterion. Without
the noncommutative-geometry background,
the stability of the orbit would have to be
attributed to another cause, such as dark
matter.
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4.2 V ′′(r) > 0
Recall that V ′′(r) > 0 for r > r1, for any
fixed θ. So outside the smeared region, the
stability criterion is no longer met, even
though we have a stable orbit at r = R0.
The implication is that from a distance, the
smearing is no longer apparent, even though
it is still very much present. So, in a sense,
the unseen dark matter is replaced by the
unseen noncommutative geometry.
4.3 Conclusion
It is shown in Ref. [1] that a
noncommutative-geometry background can
account for galactic rotation curves without
the need for dark matter. The smearing ef-
fect that characterizes noncommutative ge-
ometry is described by means of a Gaussian
distribution of minimal length
√
θ. The pur-
pose of this paper is two-fold: (1) to confirm
the conclusions in Ref. [1] in a simpler and
more intuitive way by using the distribution
proposed in Ref. [8] instead of the Gaussian
function, and (2) to show that the smear-
ing effect is both a necessary and sufficient
condition for meeting the stability criterion.
That noncommutative geometry, which
has all the appearances of a small effect, can
account for the galactic rotation curves is
consistent with the corresponding situation
in f(R) gravity: only a small change in the
Ricci scalar is required to account for dark
matter [10].
References
[1] F. Rahaman, P.K.F. Kuhfittig, K.
Chakraborty, A.A. Usmani, and S.
Ray, “Galactic rotation curves inspired
by a noncommutative-geometry back-
ground,” General Relativity and Grav-
itation, Vol. 44, No. 4, 2012, pp. 905-
916.
[2] E. Witten, “Bound states of strings and
p-branes,” Nuclear Physics B, Vol. 460,
No. 2. 1996, pp. 335-350.
[3] N. Seiberg and E. Witten, “String the-
ory and noncommutative geometry,”
Journal of High Energy Physics, Vol.
9909, No. 9, 1999, Article ID: 032.
[4] A. Smailagic and E. Spalluci, “Feyn-
man path integral on the non-
commutative plane,” Journal of
Physics A, Vol. 36, No. 33, 2003, pp.
L-467-L-471.
[5] A. Smailagic and E. Spalluci, “UV
divergence-free QFT on noncommuta-
tive plane.” Journal of Physics A, Vol.
36, No. 39, 2003, pp. L-517-L-521.
[6] P. Nicollini, A. Smailagic, and E.
Spalluci, “Noncommutative geometry
inspired Schwarzschild black hole,”
Physics Letters B, Vol. 632, No. 4,
2006, pp. 547-551.
[7] P.K.F. Kuhfittig, “Macroscopic worm-
holes in noncommutative geometry,”
International Journal of Pure and Ap-
plied Mathematics, Vol. 89, No. 3, 2013,
pp. 401-408.
[8] K. Nozari and S.H. Mehdipour, “Hawk-
ing radiation as quantum tunneling for
a noncommutative Schwarzschild black
hole,” Classical and Quantum Grav-
ity, Vol. 25, No. 17, 2008, Article ID:
175015.
[9] P.K.F. Kuhfittig, “Macroscopic
traversable wormholes with zero tidal
forces inspired by noncommutative
geometry,” (submitted).
[10] C.G. Bo¨hmer, T. Harko, and F.S.N.
Lobo, “Dark matter as a geometric
effect of f(R) gravity,” Astroparticle
6
Physics, Vol. 29, No. 6, 2008, pp. 386-
392.
[11] K.K. Nandi, I. Valitov, and N.G. Mi-
granov, “Remarks on the spherical
scalar field halo in galaxies,” Physical
Review D, Vol. 80, No. 4, 2009, Article
ID: 047301.
[12] T. Matos, F.S. Guzman, and D. Nunez,
“Spherical scalar field halo in galaxies,”
Physical Review D, Vol. 62, No. 6, 2000,
Article ID: 061301R.
[13] K.K. Nandi, A.I. Filippov, F. Ra-
haman, S. Ray, A.A. Usmani, M.
Kalam, and A. DeBenedictis, “Fea-
tures of galactic halo in a brane world
model and observational constraints,”
Monthly Notices of the Royal Astro-
nomical Society, Vol. 399, No. 4, 2009,
pp. 2079-2087.
7
